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Constraint Satisfaction Problems

Examples
A fixed local predicate/relation: R < D¥
=+

Variables: X1y ey Xn

NAE,
Constraints: R(xi ) xi)

OR,
An assignment is satisfying if it satisfies every
constraint. D

Constraint languages: more generally, allow a finite family I' = {R1, .., R¢}.
Example: Unique Games: each permutation i gives the relation R; = {(a, m(a)) : a € [q]}.

Our results hold for finite I'; for this talk, we fix one relation R.

graph coloring / bipartiteness

hypergraph 2-coloring

k-SAT

linear equations

Graph 3-coloring
D={1,2,3} e edgerelation: #




The streaming satisfiability problem

INPUT: ACSP INSTANCE
Afixed local predicate/relation: R € D¥

Variables: x4, ..., x,

Constraints arrive one at a time

C4 C; (s

Each constraint applies R to some k variables.

one pass °* minimize space ¢ time unrestricted

ALGORITHM'S WORKING MEMORY

small memory

M;

a summary of everything
seen so far

time As each constraint arrives:

Mt = Update(Mt_l, Ct)

Goal: decide whether some assignment satisfies every constraint.

For a fixed relation R, how much memory is necessary and sufficient?



Motivation: different predicates give different exponents

fixed g-colorability
L Bipartiteness [FKMSZ05a,b] } (9 2 3) [ACKP21] [ k-SAT [V24] }
[ 2-SAT [V24] ]
I I I I I I
I I I I I I
2 2.5 3 k—1 k
n n n n n n
Every non trivial CSP Q(n) [CGSV24] Store all distinct constraints
3-uniform hypergraph k-uniform hypergraph
2-coloring ? [JP17] AR AT 2-coloring ? [JP17]

general fixed CSP ?

What property of R determines the exponent?



Main result: the answer is non-redundancy

For every fixed relation R, the optimal one-pass streaming space is

®(NRD,,(R))

This gives tight bounds for the cases left open on the previous slide:

3-uniform hypergraph 2-coloring 6 (n?)
k-uniform hypergraph 2-coloring O (nk 1)
Horn-3-SAT &(n3)

So what is non-redundancy?



Non-redundancy

Definition

An instance is non-redundant if removing any constraint
changes the set of satisfying assignments.

NRDH(R) .= largest size of a non-redundant instance on n variables.

[BCK20, C22]

Witness Assignment

For every constraint in a non-redundant instance, there is an
assignment that satisfies all the other constraints, but violates this
one.

This is exactly the perspective we will use later in the lower bound.

Bipartiteness/XOR example

)
¢ @/ i

(X1:0, XZZO, X3:1)

= Witness assignment for edge (x4, x,)

NRD,,(XOR) = Q(n)



Non-redundancy

Definition

An instance is non-redundant if removing any constraint 2-SAT example
changes the set of satisfying assignments.

Put one clause on every unordered pair {i,j}:

NRDH(R) .= largest size of a non-redundant instance on n variables. Cij = Xi V X;
n
[BCK20, C22] (2) = 0(n?)
Witness for Cij:
Witness Assignment xi=x =0 x=1(%i))

For every constraint in a non-redundant instance, there is an
assignment that satisfies all the other constraints, but violates this . .
Every other clause contains a variable set to 1.

one. Only Cj is violated.

This is exactly the perspective we will use later in the lower bound.

NRD,,(2—SAT) = 0(n?)

For every fixed R, the optimal one-pass streaming space is ®(NRD,,(R)) 7



Upper bound: keep only a non-redundant subinstance

Maintain a subinstance with exactly the same satisfying assignments as all constraints seen so far.

current subinstance | new constraint

C, €, Cs Ca + C

Delete constraints one by one as long as it doesn’t change the satisfying assignments.
An old constraint may become redundant.
Redundancy checks may be expensive; time is unrestricted in this model.

I’ Cy Cs Ca C non-redundant

Since I'is non-redundant, Each constraint takes O (log n) bits to store.

[I'l < NRD,(R) O(NRD,(R) logn) space




Streaming lower bounds from INDEX

One-way communication INDEX Streaming sat CSP(R)

Alice one message Bob Alice Hop
x € {(),1}1\’ x;? Cl' s ) CN (s)-bit state Cll, . C’m

Any randomized one-way protocol requires 2(N) bits.

[KN97]

s—space streaming CSP(R) = s—bit one—way communication for INDEX

So: encode NRD-bit INDEX into streaming satisfiability
= (J(NRD) space.



2-SAT encodes INDEX on all variable pairs

v =)

INDEX bits are indexed by unordered pairs {a,b}.

Alice

For every pair {a,b}:

s-bit state

Za,b =1
stream C, ), = (x4, V xp)
SAT witness:

Bob receives (i,j)

Append clauses:

(—I.X'i \ —|xi),

(—IX] VvV _'x])

forcesx; = x; = 0

xi = x5 =0, xp =1 (£ # i,))

zij = 1 = C(;; present = UNSAT

zij = 0 = (;;absent = SAT

Exactly the private witness.

Q(N) = 2(n?) space

10



&% aliming ésd XEEAXT aedlictiorable pairs

Take Wageé’?yon—redunqﬁrﬁé%t&%cgre indexed by Lln%rc{e(;éd pairg-{la\l,g}. N = NRDx(R).

For every Ci, choose a witness assignment ai: ai satisfies every other constraint, but violates C..

Alice Bob receives |i,j)
EoE §05ty}Pair {a,b}: Append clauses:
For everv i _ s-bit state
Yl Zgp = 1 (foficdthreMibness aésigfym\/errn%fj)
zi=1 = stream G’
stream C,, = (x4, V xp) forcesx; = xj = 0

because the forced witness ai vio

z,;,{-==11 = C;prawweint = UNSAT
ate

s Ci.

z; ;=00 = C;shdnt = SAT

. . 4
because a; satisfies every other C;.

SAT witness:

Xilf-Boky can orce aXINDEX §Ket Q(N) = Q(NRDY(RY rivate witness.

But can Bob _@\@Ns)fotee a__()nén& 9ogfj@@€s from R?

19



The obstacle: Bob may not be able to force one assignment

Example: Bipartitness / XOR Rxy) =[x#yl]

a=(0,1,1,0,..) A=(1,00,1,..)
0 1 1 0

‘ . flip every bit . ‘

O O @ @

a satisfies] < 3 satisfies |

for every XOR instance |.

—forceexacttya—

There may be no valid CSP instance whose unique satisfying assignment is ai.

If R cannot distinguish two assignments, Bob should not need to distinguish them either.

What can R actually observe about an assignment?

12



The repair: identify indistinguishable assignments

If the CSP cannot distinguish two assignments, then they are effectively the same assignment.

original assignments effective assignments

N
—

same behavior on every same behavior on every
allowed constraint allowed constraint .

equivalence classes
Key fact

Bob can append a CSP instance whose satisfying assignments are exactly [a;].

Bobgetsi — Sat(I_Bob)=[a;] —  same INDEX reduction works —  Q(NRD,(R)) Lower bound

13



The One Ring: Non-Redundancy Grazie!

On the 2027 postdoc market — happy to chat!

Streaming satisfiability

®(NRD)
Approximate sparsification Streaming Approximate MinCSP
preserve every assignment’s value minimize number of
using few weighted constraints — unsatisfied constraints
®(NRD) O(NRD)
[BG25] [BPSV26]

The same structural parameter appears across different CSP objectives. What other objectives?

Open problems

Understanding NRD Multiple passes

Known: symmetric Boolean CSPs classified through arity 4; almost all at arity 5. Partial p-pass bounds and tradeoffs are known.
[BGP26, SV26b, BGJLW26]

Q(NRD(R)/p)-type lower bounds?

Simplest open cases

R={0,2,3} or R={1,2,4} and nontrivial space—pass tradeoffs for special cases such as 2-SAT

n? < NRD,(R) <= n3
. What is the right p-pass characterization
?
What is the correct exponent? for CSP satisfiability?

15
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  R   ⊆    D k


   x 1 ,   … ,    x n


  R (  x   i 1 ,   … ,    x   i k )


  ≠


    NAE k


    OR k


   ⊕ k


  𝛤  = {  R 1 , …,   R t }


  𝜋


   R 𝜋  = {( a ,  𝜋 ( a )) :  a  ∈ [ q ]}


  𝛤


  R


   C 1


   C 2


   C 3


  ⋯


   C m


   M t


   M t   =   U p d a t e (  M  t − 1 ,    C t )


  R   ⊆    D k


   x 1 ,   … ,    x n


  n


   n 2


   n 3


   n  k − 1


   n k


  𝛀  ( 𝒏 )  


   n  2 . 5


   Θ ~ (   NRD n ( R ) )


   𝛩 ~ (  n 2 )


   𝛩 ~ (  n  k − 1 )


   𝛩 ~ (  n 3 )


    NRD n ( R )


    NRD n (XOR) = Θ( n )


    NRD n (XOR) =  Ω ( n )


  (  x 1 ,  x 2 )


    NRD n ( R )


   C  i j   =    x i   ∨    x j


   (   n 2 )   =   𝛩 (  n 2 )


   x i   =    x j   =   0 ,        x ℓ   =   1     ( ℓ   ≠   i , j )


    NRD n (2−SAT) = Θ(  n 2 )


   Θ ~ (   NRD n ( R ) )


  | I ′ |   ≤     NRD n ( R )


  O (   log ⁡ n )


  O (   NRD n ( R )     log ⁡ n ) space


  𝛺 ( N )


  x   ∈      {  0 , 1 } N


   x i ?


   C 1 ,   … ,    C N


    C ′ 1 ,   … ,     C ′ m


  s −space streaming  CSP ( R )   ⇒   s −bit one−way communication for INDEX


  ( s )


    NRD


  ⇒   𝛺 ( NRD )


  N   =    (   n 2 )


   z  a , b   =   1    


  ⇒  


    stream   C  a , b   =   (  x a   ∨    x b )


  s


  ( ¬  x i   ∨   ¬  x i ) ,       ( ¬  x j   ∨   ¬  x j )


   x i   =    x j   =   0


   z  i , j   =   1     ⇒      C  i , j  present  ⇒  UNSAT


   z  i , j   =   0     ⇒      C  i , j  absent  ⇒  SAT


   x i   =    x j   =   0 ,        x ℓ   =   1       ( ℓ   ≠   i , j )


  𝛺 ( N )   =   𝛺 (  n 2 )   space


  s


  z ᵢ   =   1       ⇒       C ᵢ   present       ⇒  UNSAT


  z ᵢ   =   0       ⇒       C ᵢ   absent       ⇒  SAT


  𝐟 𝐨 𝐫 𝐜 𝐞   𝐭 𝐡 𝐞   𝐰 𝐢 𝐭 𝐧 𝐞 𝐬 𝐬   𝐚 𝐬 𝐬 𝐢 𝐠 𝐧 𝐦 𝐞 𝐧 𝐭   a ᵢ


  N   =    (   n 2 )


   z  a , b   =   1    


  ⇒  


    stream   C  a , b   =   (  x a   ∨    x b )


   x i   =    x j   =   0


   z  i , j   =   1     ⇒      C  i , j  present  ⇒  UNSAT


   z  i , j   =   0     ⇒      C  i , j  absent  ⇒  SAT


  𝛺 ( N )   =   𝛺 (  n 2 )   space


   x i   =    x j   =   0 ,        x ℓ   =   1       ( ℓ   ≠   i , j )


  ( ¬  x i   ∨   ¬  x i ) ,       ( ¬  x j   ∨   ¬  x j )


  𝛀 ( 𝐍 𝐑  𝐃 𝐧  ( 𝐑 ) )

