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Preliminaries

WIn\Win Approaches

Vertex-subset problem and Edge-sulbset problem

¢-Minimization and Maximization Problems
OPT

Contraction Closed and Minor closed —
Grid(t) —

 ————————D

[(t)

—

Excluded grid theorem!']

Planar excluded grid theorem[?l

Planar excluded grid theorem for edge confractionst3!
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Preliminfjries | /)\va
WIN\WIin Approaches —

Construct a good tree decomposition of the input graph
» Small Treewidih _; Dynamic programming —ywHn

» | arge Treewi : Existence of an obstacle
» No-Instance \/ —>

» Yes-Instance v
» Reduction \
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Preliminaries
Vertex-subset problem and Edge-subset problem™

Input : Graph G and a parameter k
Goal : Decide whether there exists S ond'g(G S) = true ihere :
®» Vertex-subset problem

ScV(G) and |S| £k (\>‘/k D(G\/‘gj

®» Edge-subset problem
SCE(G) and [S] <k __ \ > ¥

*for minimization K
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Preliminaries
Pp-Minimization and Maximization Problems™

Input : Graph -G)Jﬂd a parameter k
Goal : Decide whether there exists asetS c V (G) and ¢(G, §) = tfrue and .
I .

= ¢@-Minimization
S| <k v~
= ¢-Maximization

ISl zk 7

*for vertex-subset problem
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Preliminaries

Lets define OPT

= ¢p-Minimization problem Q r K

o Yo
OPT4(G) = mintk : (G, k) € Q} 0 va pM I/}D
If for no k (G, k) € Q, then OPT,(G)g+

» (p-Maximization problem Q

OPT4(G) = max{k : (G, k) € Q) Lot (@vu\
If for no k (G, k) € Q, then OPT4(G) = @ j},
¢H
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Preliminaries

Confraction Closed and Minor closed

Vertex-subset problem Q
» Confraction-closed
/ “If for every contraction H of G, OPT4(H) < OPT4(G) for all G ‘%&
™~ = Minor-Closed a
If for every minor H of G, OPT4(H) < OPTo(G) forall G~ =2 &

b«(\/JO
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Preliminaries ‘k 1 x
Grid (t) l
1,

» Graph with vertex set {(x, y) : x, y € {1,...,f}}. Thus t has exactly t? vertices.
» Two different vertices (x, y) and (x,y ) are adjacentifand only if [x—=x | +
ly-y | =1.
T- Treewidth is se=mmest 1. 6‘ ( C«')
C d‘ 2 ‘)/\
[ow hle



iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad


Preliminaries Yr 'ww;d CARASI S

[(t W e et
(1) | o =t

= Obtained from the Grid(t) by Vqﬂ‘)( r (ﬂ) 7 1'7

» adding, forall 1 <x,y<t-1, the edge (x+ 1,vy),(x, y + 1), and Gddl’nonolly making vertex (1, 1)
adjacent to all the other vertices (x, y) with x € {1, t} ory € {1, t}, i.e., to the whole border of t.
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Preliminaries
Excluded grid theorem!!!

» Jg(f) :m’r%*O“)) such that every graph of freewidth larger than g(t)
contairsSTdTT] as minor
dL A

= Roberfson and Seymour g(t)= 20¢*)

= Randomized poly-time algorithm ¢ 2__) éﬂ@_/)

» Either constructs a Grid(t) minor model

» Or finds a free decomposition of the input graph of width at most g(t)
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Preliminaries : Excluded grid theorem

Lets Apply it on Cycle Packing
> k v.dic
P L L)

If G has treewidth larger than g(t) = O(k47+o(1)) - bﬁ-
» G contains a Grid(t) minor model fort =2 vk

= Then in this model one can find (Vk)2 2 k vertex-disjoint cycles

®» Run the approximation algorithm for parameter g(t)
» |ftw(G) > g(t), then (G, k) is a yes-instance

» Otherwise, we obtain a tree decomposition of G of width at most 4g(t)+4

% 4 NS ¥
? 2@6}“ >34)

;l/nvd\’c
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Preliminaries

Planar excluded grid theoreml?!
——

» Every planar graph G of tfreewidth at least 9t/2 contains Grid(t) as a minor

gf » For every € >0 there exists an O(n?) algorith , for a given n-vertex
planar graph G and integer t
» Fither outputs a tree decomposition of G of width at m
= Or constructs a rfinor model of GrﬁE}_ir_w_g.

<(
P A ¢

by —C ) ek

AVARNG 1t



iPad

iPad

iPad

iPad

iPad

iPad

iPad


Preliminaries

A Useful Corollary

{: Treewidth of an n-vertex planar graph G is less than E\/n + 1]

= Forany € >0, atree decomposition of G of width at most [(g +¢g)vn + 1] can
be constructed in O(n?) fime. - =
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Preliminaries

Planar excluded grid theorem for edge
[Confractiond®  wowd’

= For every connected planar graph G and integer t 2 0, if tw(G) 2 91+5 then
G contains T[] as a confraction

S- For every € > 0 there exists an O(n?) algorithm that, given a connected

planar n-vertex graph G and integer t

» FEither outputs a free decomposition of G of widiR(? + ¢)t + 5
— o

L G results in '(t)

» Or aset of edgés wh
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Bidimensional Problem

A vertex-subset problem Q is bidimensional if Wﬁ)@f&dw

» Qs contraction-closed m—t = > N

» 3 constant ¢ >0 such that
OPTq(r(t)) 2 ct? for every t >0
v

U("f(gc ['(ﬂ) > et
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Thm : Parameter-treewidth bound!4l

Q be a bidimensional problem, then

» JQ cgns’ron’r Qg such that for any connected planar graph G \/

|wic) s voPTiG] |
® 3 a poly-time algorithm that for a given G constructs a tfree decomposition of G of width

ost Ag ./OPT4(G) _
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Thm : Parameter-treewidth bound!“l
Proof: ¢ =1 , o= 23

BLACK BOX
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] 1)
p(H) ’Y\OC

BP — Theoremb! o

Given : Bidimensional problem Q such ’rho’r @ j

Q can be solved in timg)2°() - no(1)

f
—

provided a tree decomposition of glven G of width t

Q is solvdble in time 200k - nOl1) on connected plcnor grOth

o(dif’) Q1)

(e et 1€ ) “0“ D U
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BP — Theoreml® ‘[D #W
Proof . g BLACK BOX
7.8

40C &) y

o CGN > e
} U
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BP - Theorem
Requirement of connectivity

®» Problems monotone under removal of connected components
— —_—

®» [or every connected component C of G

OPT,(G - C) < OPT(G) @ D{S
l U &
\/ »

B ems
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Bidimensionality Intuition : T
Planar Vertex Cover lew/% I

Properties :
P1 : Lower limit on size of vertex cover of Grid(t) 5 "t
P2 : Given a tree decomposition of width t of G, how fast can we solve Vertex

Cover 0 () ol
- =

P3 : Minor Closed Property on Vertex Cover

2”7«

/



iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad


Bidimensionality Intuition : Planar Vertex Cover

I C v
AGOTIM. —, gores & > a1 0

—
Fort = V2k + 2 and some € > 0, use of the consfructive part of Planar excluded

grid theorem : ‘

. ®» FEjther compute in time O(n?) a tree decomposition of G of width at most ( 9

2+ ¢)t —
| .

» Or we conclude that G has t as a minor. ~ NO
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dﬁdimensionali’i Infuition : Planar Vertex Cover
Generalization to other problems

L P LC AP e

properties which were essential for obtaining a sub-exponential parameterized

algorithm: (el 3,

P1 : Size of any solufion ingt is of ord

P2 . Given a tree decom osmon of WIdTh ’r ’rhe problem can be solved in fime
20() . 1O(1) ~ %b S 4 e

P3 : Problem is minor- mono’rw
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BP - Theorem
Corollary : BP-Theorem!le

—_———

Following parameterized problems can be solved in time 2°0(¥ no()
e Planar Vertex Cover v R | de oY
e Planar Independent Set
 Planar Dominating Set v 0 (4) \76- )
- v oop 2 A
* Planar Scattered Set for fixed d
e Planar Induced Matching, and v~ \”\ a
e Planar r-Center for fixed r. Y

L Y
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Corollary : Parameter-treewidik

bound!”] t Tan *'0 2
k(o o(l)

Planar Feedback Vertex Set

12
Planar Longest Path O/V P [&) & ;ﬁ

Planar Longest Cycle
Planar Cycle Packing /) C )

Planar Connected Vertex Cover
————

Planar Connected Dominating Set

_

Planar Connected Feedback Vertex Set
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Possible Extensions

» Planar excluded grid theorem can be generalized to H-minor-free graphes:

—_——
» [For every fixed graph H, t > 0, every H-minor-free graph G of tfreewidth more than

ayt contains Grid(t) as a minor, where a,, is a constant depending on H only.

= Apex-minor-free gro.th — V l =2V C

» Minor Bidimensio
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